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Approximation for nonlinear dynamics of trapped Bose-Einstein condensates
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We present an analytical approximation for nonlinear dynamics of trapped Bose-Einstein condensates. The
approximation is a substantial improvement over the Thomas-Fermi approximation and is shown to be appli-
cable for systems with a rather small number of atdinFhe calculated aspect ratios after ballistic expansion
are found to be in good agreement with those observed in recent experiments. The approximation is useful in
providing a simple and easy quantitative computational tool for the analysis of experimental data.
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The newly created Bose-Einstein condensaB&C) of - fho, Mmw?
weakly interacting alkali-metal atonjid] stimulated a huge Hi=—- Vit T(l_ yXE, ©)

number of theoretical investigatiosee recent review]).
A mean-field approach, based on the time-dependent Gross- .
Pitaevskii(GP) equation[3], is the most widely used theory Where, are parameters,9y;<1, and we rewrite Eq1) as
for nonlinear dynamics of trapped BEC at zero temperature, 3 3

In the limit of a large number di of atoms, the determi- E:<q,|z (H<—H-)|\If>+<‘l'|2 H\P)+|®f |W|4dF
nation of the condensate wave function is simplified by ne-N = =T 2 '
glecting the kinetic-energy term. This approximation, known 4
as the Thomas-Ferm(iTF) approximation[4,5], was used
quite extensivelyf6—13), including the explicit time evolu-  Omission of(W|23_ ,(H;—H;)|¥) in Eq. (4) yields our ap-
tion of the condensatéshape of profiles, aspect ratio, ¢tc. proximation for the ground state,
during the expansion after switching off the trefp9]. We

note that the validity of the TF approximation depends not E 3 o, E1r(@y, @y, @)
only on the number of atons, but also on properties of the N:-El > \/;Jr N ! , ()
traps. =
In this Brief Report, we develop an analytical approxima- 3
tion that is a substantial improvement over the TF results for S h i Nom - e~
a rather small number of atondé The aspect ratios calcu- K= 2y 5 Ny e, 0y, 0), (6)

lated from the new approximation method are also found to

be in good agreement with those observed in recent expering

ments[14]. The approximation is very useful since it pro-

vides a simple quantitative tool for the analysis of experi- p(F)=p" (@, 0y,@,.F), 7
mental data for trapped condensed gases.

In the mean-field approximation, the ground-state energyyhere®; = 1— y,0; . Erg, mre, andp'F are the Thomas-

of the system is given by the Ginzburg-Pitaevskii-Grossgermi energy, chemical potential, and density, respectively,
(GPQ energy functional 3,15], which are given by

3

E gN 4o 15 2/5
N:<‘P|§l HiN’)"‘?f |W|*dr, (1) ETF(wX,wy,wz)=1%N wawywzm?’/ng , (8
with 1/15 o 2/5
e @y Wy yWy) = 5 (E Wy Wy ;M Zg N) ) 9
H h? 92 mwi2 ) 5
T amad T2 W @ and
andg=4mfi’a/m, wherea is the Swave scattering length, pre( 0y, 0y, 0,) x; \?
N is the number of atoms in the BEC, addis the conden- p T (wy @y, 0;,)= T Na 1—2 TF
sate wave function normalized #¥|%dF=1. 9 i=1\R
We introduce auxiliary Hamiltonians 32
I
x01-> | —=| |, (10)
i=1 ( RiTF)
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TABLE |. Comparison of the results of our approximation for the ground staféRif atoms, calculated from Eg&), (6), and(13) and
those obtained from numerical solutions of the GP equdtiéh Chemical potential and energy are in unitshe$, , and length is in units

of Vilmo, .
N E/N E um/N 7 | /
M X2 22 num num Xﬁu Zﬁu

100 2.63 2.82 0.78 0.43 2.66 2.88 0.79 0.44
200 2.80 3.13 0.83 0.45 2.86 3.21 0.85 0.45
500 3.22 3.82 0.94 0.47 3.30 3.94 0.96 0.47
2000 4.49 5.49 1.21 0.53 4.61 5.93 1.23 0.53
5000 5.99 8.00 1.46 0.59 6.12 8.14 1.47 0.59
10000 7.63 10.4 1.68 0.65 7.76 10.5 1.69 0.65
15000 8.84 12.1 1.83 0.69 8.98 12.2 1.84 0.70
20000 9.84 13.5 1.94 0.72 9.98 13.7 1.94 0.73
_— 2y, 0y, @) To study the validity of our approximation, we consider
(Ri")™= o : (1) an example of the ground state BRb atoms in a harmonic

! trap, as investigated in Rf16] with the Swave triplet-spin
Projecting|¥) on the complete basis statgs, obtained scgttering lengtla=100ag , whereag is the Bohr radius, the
from hj=—(A22m)(%/x?) + (Me?y/2)x2, and hi|n) axial frequencyw,/27w=220 Hz, and the asymmetry param-
= ,/n), we get eterh = w,/w, =8, wherew,=w,=w, .
Using our approximation, we calculate the energy per par-
hoiy ticle, E/N, the chemical potentigk, and the average trans-

(12) = =
2 verse sizeS\/; and vertical sizes/;, using Egs(5), (6),
S and (13). The calculated results are compared with those
Therefore, we conclude that our approximation for energypptained from the numerical solutions of the GP equation,

given by Eq.(5), is a lower bound to the ground-state energy, — = ) _
Eq. (4). Therefore, a set of the optimal values of parameter&num/N: Anum, VXqum @Nd N Zym [16] in Table 1, and with
¥ which maximizes the energy, E(b), will yield an opti-  those obtained in the TF approximatiBhe/N, ure, VX,

mal value for the ground-state energy given by —
and \/Z5 in Table II. These comparisons show that our ana-

3 i w; 5 Iytical approximation greatly improves the TF results for a
21 > Vyit 12 rather small numbeN. For 106sN=<20000, the difference
between our results and those of the numerical solution of
15 3 2/5 the GP equatiofil6] is less than 3%.

—gNnm?? | [(1_7i)wi]) } (13) We also give in Table Il values of the TF parameter
4m i=1 Na/ay,, wherea,, is the typical length of harmonic confine-
ment, ap,= VA/(Mwy), with wh0=(wfwz)1’3. It is conven-
tionally assumed that this parameter needs to be large in

(VIN¥)=3 el(¥In)(n¥)|= ;=

= maxX
Yx: Yy Yz =

Zlm

X

Since the TF approximation corresponds to the case; of

=0, we have order for the TF approximation to be valid. Fdta/ay,
~100 (N=20000), the difference between the TF result and
Err<E<Eexact (14) o —
the exact GP calculation is about 5% f§ix?/Z2.
whereE,,,.is the exact GP energy. We now turn to an application of our approximation for

TABLE Il. Results of the TF approximation for the same case as Table |.

N Er/N 2 =2 Na/a
TF MTF X%F Z'%’F ho

100 1.44 1.60 0.68 0.24 0.5
200 151 211 0.78 0.27 1.0
500 2.18 3.05 0.93 0.33 2.6
2000 3.79 5.31 1.23 0.44 10
5000 5.47 7.66 1.48 0.52 26
10000 7.22 10.1 1.70 0.60 51
15000 8.49 11.9 1.84 0.65 77
20000 9.53 13.3 1.95 0.69 103
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the time-dependent problems. Consider the BEC with the TABLE Ill. Calculated aspect ratio of thé&Na atoms cloud,

time-dependent harmonic potentig= (m/2)2 o (t)x R(t), using Eq.(22), after a ballistic expansion df=4 ms, as a
When the substitutiofi7] of function of N. N is in units of 16 andA=[R(t) — Rr(t) [/R(t).
D (X1 /N1, %0 N g Xa Ng) ) N R(t) 2 Y2 Naap A%
vry= NN, 1.2 0110 0354 00 138 20
) 0.8 0.117 0.426 0.0 92 25
_ 3 X\, 0.4 0132 0551 00 46 33
Xexp —iB(t)+im Z —ﬁ N 19 o1 0183 0766 0.0 11 52

where 8 and\ are solutions of the equations

(Pm)” W (D17,
R(t)=

3 -~ = = . (22
S hwkm_ MTF(wxa(Dy,(Dz)’ 58(0)=0, 2(t) o OVI— 7,
= NiloAg
(16) As an example, we consider application of the above re-
sults to the experimental data witiNa atoms obtained in
wiye (1-y)of the loffe-Pritchard-type magnetic trap with radial and axial
Nt Nfog(t) — N Aahahs trapping frequencies ofs, /(27)=360 Hz and w,/(2)
=3.5Hz [14], respectively. In our analysis, we use
M(0)=1, A\(0)=0, (17) =2.75nm,t=4ms, anda/a, =2.488<10 °, where a,

=Jhl/mw, . As in Ref.[7], we consider a sudden and total
o= (0), and =\1— yw,, is made into the time- opening of the trap at=0. For this case, Eq17) becomes

dependent GP equation )
doN R An 1=y,

gy v(roweNgYPY, (8 LRV NS =
| ot - 2m t(r! ) g| | ) ( )
dz)\z_ Yz 177, of
Eq. (18) becomes dZ (N2 Na, ) 249
gd 2 He—H, o wherer=w,t ande=w,/w, <1.
'ﬁﬁzgl N2 o+ NiAohs ~ urr(0x, 0y, @) To zeroth order ine, we havex,=1 and\, =1+ 2.
For the experimental conditiond4], the terms ine? are
3 .
m negligible.
E Z XZog+ Ng|<1>|2)<1>, (19 In Table Ill, we give the calculated values of the aspect
with the initial condition®(r,0)=W¥(r,0), where¥(r,0) is
a solution of the time-independent mean-field equation )
ﬁz 0.20 o
- ﬁA«If(r,O)+vt(r,0)\1f(|r*,0)+Ng|~1r(r*,0)|2\1/(?,0) °
. <
)
= ¥ (F,0). 20 "7 090:0 ..
....‘ © .. 3 o
Equations(15)—(17) generalize the anzatz of R¢¥] for the 010 o0 4 L 4 & °
case ofy,#0. L - -
By neglectingS3_,[ (H,—H)/\Z] in Eq. (19), we obtain
a generalization of our approximation, E¢S)—(7) and(13) 0.05 —
to the time-dependent problem
> 2:PTF(Z)X.Z)y.Z)z,Xll)\l(t),le)\z(t),X3/)\3(t)) o T [ T 5N
| P (F,1)] N2 (O (ON(D) , 0 0.4 % 10 0.8 x 10 1210
(21 FIG. 1. Aspect raticR of the >Na atom cloud after a ballistic

S . _ expansion of =4 ms, as a function of the number of atoMswith
where all the dynamics is in the evolution of the scalingy, (0)=2mx360 Hz andw,(0)= 27X 3.5 Hz. Diamonds, dashed

parameters\,, Eq.(17). line, and circular dots represent the results of theoretical calcula-
For the casew,=wy=w, and\;=A,=\,, the aspect tions using Eq(22), the TF approximation, and experimental data
ratio of the cloud in our approximation is given by from the MIT group[14], respectively.
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ratio R(t) of the ?>Na atoms cloud, after ballistic expansion shows that our predictions for the aspect rditt) are in
of t=4ms, and the calculated values of parametersand good agreement with experimental data obtained by the MIT

v, which we fix from Eq.(13), with ;= w;(0). One can 9rOUP[14].

casily see that the TF approdmation is vali0) along i WL B S80S B T S et the
the long axis of the cloud, but not in the radial direction P P

. TF approximation for nonlinear dynamics of trapped Bose-

(v, #0), as was noted _already in R¢fL7]. We also note Einstgipn condensates for a ratherysmall numberp(r))f atims
that even for the relatively large TF paramet®ta/an,  The approximation is very useful since it provides an easy
~100, the relative error of the TF approximatiod=(R 54 simple quantitative computational tool for the analysis of
—Ree)/R, is larger than 20%. It demonstrates that the valid-gynerimental data for trapped condensed gases, without rely-
ity of the TF approximation depends not only on the TFing on complex and extensive computations.
parameter, but also on properties of the trap.

Our calculated results foR(t) are compared with the We are grateful to the group at MIT for providing us with
recent experimental datgl4] in Fig. 1. This comparison the experimental data.
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