NUCLEAR FUSION FOR BOSE NUCLEI

CONFINED IN ION TRAPS

YEONG E. KIM* and ALEXANDER L. ZUBAREV
Purdue Nuclear and Many-Body Theory Group

Purdue University, Department of Physics

West Lafayette, Indiana 47907

Received August 18, 1999
Accepted for Publication October 14, 1999

Nuclear fusion of integer spin nuclei confined in an
isotropic ion trap is investigated. Solutions of the ground
state for charged bosons trapped in the isotropic har-
monic oscillator potential are calculated using the equiv-
alent linear two-body method for many-body problermns,
which is based on an approximate reduction of the many-
body Schridinger equation by the use of a variational
principle. Using the ground-state wave function, theoret-
ical estimates of probabilities and rates for nuclear fu-
sion for Bose nuclei confined in ion traps are obtained.
Numerical estimates for fusion rates are presented for
the case of deuteron-deuteron fusion.

I. INTRODUCTION -

During the past few decades, ion trap devices (Paul
and Penning traps)! have been playing important roles
in carrying out some extraordinary experiments in atomic
physics, such as those where a single charged particle is
confined indefinitely in a small region of space. Some
important applications of ion traps have been made to
analytical chemistry and ion mass spectroscopy. In the
future, we may expect new types of experiments using
both Paul and Penning traps involving 10° to 10 trapped
ions or exotic nuclei.! For neutral atoms, magnetic traps
with new cooling techniques have been used to observe
the Bose-Einstein condensation of neutral atoms (Ref. 2
and references therein).

In this paper, we investigate theorctically different
aspects of the propertics of identical integer-spin nuclei
(“Bose” nuclei) confined in ion traps by approximating
the ion trap with an isotropic harmonic oscillator poten-
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tial for simplicity. We report the results of our theoretical
investigation on the feasibility of nuclear fusion in such
setups (“ion trap nuclear fusion”) using the recently de-
veloped equivalent linear two-body (ELTB) method for
many-body problems.? The ELTB method is based on an
approximate reduction of the many-body Schrddinger
equation by the use of a variational principle.

In Sec. 11, we describe the ELTB method for obtain-
ing solutions of the ground state for charged bosons con-
fined in the isotropic trap. In Sec. III, we describe an
approximation for obtaining the nuclear reaction cross
section for two nuclei, using the optical theorem and the
Fermi potential. In Sec. IV, we derive our formulas for
nuclear fusion probabilities and for the rates of the ion
trap nuclear fusion using the results of Secs. II and IIL
The formulas obtained in Sec. IV are applied to deuteron-
deuteron fusion in ion traps in Sec. V. A summary and
conclusions are given in Sec. VL.

II. GROUND-STATE SOLUTION .

In this section we consider N identical charged Bose
nuclei confined in an ion trap. For simplicity, we assume
an isotropic harmonic potential for the ion trap to obtain
orders-of-magnitude estimates. The Hamiltonian for the
system is then

2 N 1 N e2
H=—-— > A+ —mw? Sy
2m i= 2 i=1 i<j IT[—rjl

(1)

where m is the rest mass of the nucleus.
For ground-statc wave function ¥, we use the fol-
lowing approximation’:

®(p)

‘\I,(Fli"'?N)%\’i}(p):p(3N_1)/2 » (2)
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where

N 1/2
p= {; r?} : (3)

In Ref. 3 it has been shown that approximation (2) yields
good results for the case of large N. Dirac* and Bogol-
ubov? noted and used the fact that for large N, the ground-
state creation and annihilation operators, ap and ag,
can be treated simply as a number because their commu-
tator [ag,ag 1= 1is small compared to their value, ag =~
ag =~ {N. I3 '

By requiring that ¥ must satisfy a variational prin-
ciple § [W*H¥dr = 0 with a subsidiary condition
[¥*¥ dr = 1, we obtain the following Schrddinger equa-
tion for the ground-state wave function ®(p):

B2 d*> m
—_— _w2p2

2m dp* 2
2 BN—-1)(3N—3)
2 +v(p)|o=E0, @
2m 4p?
where!
2NT'(3N/2) z
Vip) = - 5)

3NZaTGN/2—3/2) p

Instead of the variable p in the Schrodinger equa-
tion (4), we introduce a new quantity p, defined as

mw
p= \/%p L (6)

Substitution of Eq. (6) into Eq. (4) leads to the following
equation:

hw d? BN—-1)(BN-3) ¥|._ _
—|-—+p + —|®=ED ,
2 | ap* 4p* p
(7)
where

mc? 4NT (3N/2)
¥ =0l (8)
fiw 3Y27T(3N/2 - 3/2)
with a = e%/(hc) ~ 1/137. Now, we seek the ground-
state solution of Eq. (7) in the following form:
' -1
"'q)(ﬁ) = 2 ap 2 e~ (P12 )

where ¢; are solutions of the following equations:

zHiICI:EZ/\iICI s (10)
l I
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with

/\ 20.’,‘(1[ 3N/2
.I = .
. a,-2 + a,2

NhiwAy| 31 + afaf) o? + af \'?
Hy = + ,

(11)

2 a? + af 20t af
(12)
and
(3N 1)
I‘ S e e -
/mc2 4a 2 2 13)
e= fw 32w

(3N 3) '
r s s
2 2

For the case of large N, A;; reduces to the 6-function
Ay =0y, (14)
and hence we obtain
Hy~ E8y . (15)
Using Eq. (15), we have for the ground-state energy
M,Nr(l + af) ) '
5 e )

(16)

202 «;

where the parameter e, is a solution of the following
equation:

e 0 amn
da,_ .

For the case of large N, we can neglect the kinetic energy
term in Eq. (16) to obtain

fin 32 {
E=—|—+—]. (18)
2 2 a,
Substitution of Eq. (18) into Eq. (17) leads to
L\

and from Eq. (18) we obtain for the ground-state energy

fiwN
E=——30", (20)

where for the case of large N, { reduces to the following
expression:

2

mc @
£~2 aN . 21
2mhw
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1ll. IMAGINARY PART OF THE FERMI POTENTIAL

The total elastic nucleus-nucleus amplitude can be
written as

£(8) =f(6) +1(6) (22)

where f¢(6) is the Coulomb amplitude and f(6) can be

expanded in partial waves®:

f(0) = > (21 + 1) D p (cos §) . (23)
[

In Eq. (23), 6 is the Coulomb phase shift, f;*() =
(Sf — 1)/2ik, and S/ is the I’th partial S-matrix for
the nuclear part. For low energy, we can write’

k
Im f"e) ~ — oy, (24)
47
where o7 is the partial wave reaction cross section. For
the dominant contribution of only the s-wave, we have

k
Infi e s o g” (25)
dqr
where o7 is conventionally parameterized as
S
o"=—e 2™ | (26)

E

where
-1
"7 2
2 :
" 2ue*
n=m/2

S = § factor for the nuclear fusion reaction be-
tween two nuclei.

In terms of the partial-wave t-matrix, the elastic-
scattering amplitude f,"("”) can be written as’

/fl"(d) = = ('ﬁt [,y (27)

h2k?
where ¢/ is the Coulomb wave function.

Introducing a new quantity U as the imaginary part
of t,,

U= Im(t) , (28)

we have
k

Z;Ur— A2k 2<¢’0]U|¢’0>

(29)
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For the [ = 0 case, the Coulomb wave function i is
given by

U5 (r) = Co(m)Min1/2(2ikr)/2i (30)
where -
27 !
Co(n)* = W , (31)

and M, 1/2(2ikr) is the Whittaker function.
Using Egs. (30) and (31), we can write Eq. (29) ap-
proximately as

k
—g’ = ——Co(n)2 frdrf "dr' U(r,r') .
4ar

(32)
The use of Eq. (26) in Eq. (32) leads to

frdr fr'dr U(r,r") “—EIB— . (33)

For our case of N Bose nuclei, to account for a short-
range nature of nuclear forces between two nuclei, we
introduce the following Fermi pseudopotential VF(7):

#
I W {F) = —éz— 5(7) , (34)

where the nuclear rate constant A is given by
28rg
7h

(35)

1V. FUSION PROBABILITY AND RATES

~ For Nidentical Bose nuclei confined in an ion trap,
the nucleus-nucleus fusion rate is determined from the
trapped ground-state wave function ¥ as

o 2 2’<]<'\I}|Im Fl\p)
R= 5 (36)
A (¥| W)

where Im V) is the imaginary part of the Fermi poten-
tial, given by Eq. (34).
The substitution of Eq. (2) into Eq. (36) yields

- d%(p)—d
AN(N — 1)T'(3N/2) ]0 (p) p? i
2027)¥2T (3N/2 — 3/2) ®
q)Z
fo (p)dp

R =

(37)
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For large N, we use an approximate solution for @ ( p)
[see Eq. (9)]:

N=1
O(p)~p 2 g (pla)?2 (38)
where
a, = (3",
mc?
[~2 aN ,
27hw
and
B mw
p = P
Using Eq. (38), we obtain from Eq. (37)
& 3AN | fiw (mw 3/2 5
=— == - 3
87ma N mc? \ A (39)
We can rewrite Eq. (39) as
R = BNw* , (40)
where
3A [ m
B= —1-—1 . (41)
87a \ fic

If the probability of the ground-state occupation () is taken
into account, the trap fusion rate is R, = OR.

We expect that this probability is very small for a
low-density static case in the absence of an external po-
tential.® However, {} may not be very small for dynamic
cases of Bose nuclei confined in ion traps in equilibrium
situations.

Using Eq. (40), we have the following for the trap
fusion rate R;:

(42

For the case of multiple ion traps in a metal with each
trap containing N Bose nuclei, we define a trap number
density n, (number of traps per unit volume) as

N;
="
N
where N, is the total number of Bose nuclei in traps per
unit volume and N is the average number of Bose nuclei
in a trap. For this case, the total ion trap nuclear fusion
rate R per unit volume is

R= n,R_t_= n, BONw? .

Both R, and R do not depend on the Gamow factor in
contrast to the conventional case. This is consistent with
the conjecture noted by Dirac? and Bogolubov® that boson
creation and annihilation operators can be treated simply

R, = BONw? .

(43)

(44)
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as numbers when the ground-state occupation number is
large. This implies that for large N, each charged boson
behaves as an independent particle in a common average
background potential, and the Coulomb interaction be-
tween two charged bosons is suppressed.

V. APPLICATION TO DEUTERON-DEUTERON FUSION

Using S = 110 keV - b for deuteron-deuteron fusion,
we find from Eq. (35) the nuclear rate constant to be

A~15%10""%cm?s, . (45)
and from Egs. (41) and (45), we have
B=236%10"%s . (46)

For an ion trap containing N =~ 106 deuterons with @ =~
MHz (=109 s7!) (this may be achievable with the cur-
rent experimental techniques), we find from Eq. (42) the
following:

R =0xX26x1074s" .

If  can be made large\r (Q ~1072) by cooling the con-
fined deuterons using currently available cooling tech-
niques (laser cooling, collisional cooling, sympathetic
cooling, or Sisyphus cooling!), we have R, ~107° 5!
(1/several days), which may be a measurable rate for pro-
tons and neutrons emitted from the reactions d(d, p)t and
d(d,n)>He, respectively.

Recently, Yuki et al.” observed anomalous enhance-
ment of the reaction d(d, p)t with a Pd target and Au/
Pd/PdO heterostructure target bombarded with low-
energy deuteron beams (E; =~ 2.5 to 10 keV laboratory
energy), while other targets (Ti and Yb) do not yield
anomalous enhancements of the fusion rate. Their data
analysis with the conventional Gamow factor plus
electron-screening energy Us shows that anomalously
large parametric values of Uy ~ 250 eV and U; =~ 600 eV
are required for the Pd and Au/Pd/PdO targets, respec-
tively. These large values of U; for the electron-screening
energies cannot be explained by known conventional
theories.

It is known that metal targets under ion beam bom-
bardment develop surface blisters, which may consist
of many microtraps (approximately micrometre size or
less). If we assume JA/mw ~ 10™* cm (corresponding
0 w ~ 1.6 X 104 s7!) and the trap number density of
n, = N,/N with N, ~ 5.4 X 10t1° cm™3, we obtain from
Eq. (44)

R=Qx10’ (47)

cm?®

If O turns out to be (1077 to 107'9), we have R ~ (107>
to 1.0) cm™3-s, which may be consistent with anom-
alous low-energy enhancement of the cross section for

S
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d(d, p)t recently observed by Yuki et al.” Therefore, it
is desirable to determine N, by examining the Pd and
Au/Pd/PdO targets used by Yuki et al.? in order to ob-
tain more definitive tests of our ion trap nuclear fusion
mechanism.

VL. SUMMARY AND CONCLUSIONS

Using the recently developed theoretical method
(ELTB method),> we have obtained an approximate
ground-state solution of the many-body Schrédinger equa-
tion for a system of N identical charged bosons confined
in an isotropic harmonic oscillator potential. The solu-
tion is expected to be accurate for large N (Ref. 3). The
solution is used to obtain theoretical formulas for esti-
mating the probabilities and rates of nuclear fusion for N
identical Bose nuclei confined in an ion trap. Our results
show that the Coulomb interaction between two charged
bosons is suppressed for the large N case. This is consis-
tent with the conjecture made by Dirac* and used by
Bogolubov® that each interacting (charged) boson be-
haves as an independent particle in a common average
background for the large N case. The fusion-rate formula
is applied to deuteron-deuteron fusion rates for deuter-
ons confined in an ion trap and also in microtraps.

For a single-ion-trap case, our theoretical estimates of
the nuclear fusion rate may be observable if we can achieve
expenmentally the total number of confined deuterons of
~109 and the ground-state occupation probability of 10~2
and 1073, Unless innovative new techniques are devel-
oped, it may be difficult to achieve the foregoing condi-
tions by the use of currently available trapping and cooling
techniques.

For the case of microtrap nuclear fusion in metals, it
is desirable to test the microtrap nuclear fusion mecha-
nism for recently observed anomalous increases in the
fusion rate of d(d, p)t when Pd and Au/Pd/PdO hetero-
structure targets are bombarded with low-energy deu-
teron beams.® The foregoing test can be done by
measuring the number density of microtraps in various
targets. If a correlation is found between the anomalous
enhancement of the fusion rate and increased number den-
sity of microtraps in a target, then the microtrap nuclear
fusion mechanism can be a plausible explanation for the
observed anomalous effect. More direct experimental tests
(beam or other types) should be carried out for more de-
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finitive conclusions. The same mechanism may also pro-
vide an explanation and a theoretical justification of the
anomalous effect observed for deuteron-deuteron fusion
by Arata and Zhang.'®!!
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